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Correlation dimension signature of wideband
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Chaos data analysis has been performed on the chaotic output power time series data from a synchronized
transmitter–receiver pair of semiconductor lasers. The system uses an asymmetric, bidirectional coupling
configuration between the master (transmitter), which is a laser diode with optical feedback, and a stand-
alone slave semiconductor laser. The correlation dimension of the chaotic time series has a minimum value
of 4, which was obtained from high-bandwidth measurements. The correlation dimensions for both the mas-
ter and the synchronized slave are identical when the cross-correlation coefficient of the synchronized chaos
is above 0.9. These results establish correlation dimension analysis as an effective tool for the determination
of the quality of wideband chaos synchronization. © 2006 Optical Society of America

OCIS codes: 140.2020, 140.1540, 060.4510.
There is significant interest in developing
transmitter–receiver pairs of synchronized chaotic
semiconductor lasers (CSLs) because of their poten-
tial application as carriers in secure optical
communications.1,2 A CSL transmitter, which is a di-
ode laser subject to optical feedback from an external
mirror [an external-cavity diode laser (ECDL)],2 has
been one key CSL system investigated for this appli-
cation. This nonlinear laser system can exhibit a di-
verse range of dynamic outputs, including a chaotic
time series when the optical feedback level from the
external mirror is set within an appropriate range.2

Various synchronization schemes have been dem-
onstrated for generating a transmitter–receiver pair
of synchronized chaotic outputs, based on ECDLs.
The first demonstration was of two similar chaotic
ECDLs operated in what is often called the closed
form (unidirectional coupling of the transmitter to
the receiver system and where both systems are
near-identical ECDLs).3 Subsequently, the output of
a chaotic transmitter (master) ECDL was injected, by
unidirectional coupling, into a similar semiconductor
laser and generalized synchronization was demon-
strated and compared with the synchronization of
two similar chaotic ECDLs.4 Since the first observa-
tions of synchronized CSLs there have been many
other demonstrations of synchronized CSLs and their
use in optical communications.1–6

Theoretical study of the nonlinear dynamics of the
diode laser with a time-delayed optical feedback sys-
tem (ECDL) has been extensive,7–11 as have studies
of chaos synchronization of these systems.5,6,8 Delay
differential equation (rate equation) models have
been used to simulate the diverse range of dynamics
possible in the output of the ECDL, including the
chaotic output. The methods of chaos analysis12,13 are
readily applied to noiseless, theoretical chaotic time
series data, but such techniques have not to date

been reported as being successfully applied to experi-
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mental time series data from CSL systems, due to the
fast time scales of output power variations in the dy-
namics (typically subnanosecond) and the effect of
noise. The development of real-time oscilloscopes
with measurement bandwidths of several GHz (com-
bined with fast photodetectors with measurement
bandwidths of tens of GHz) means it is an appropri-
ate time to revisit chaos data analysis (CDA) of the
CSL. A more comprehensive report of the investiga-
tion of the important experimental parameters to en-
sure meaningful CDA of experimental time series
from a CSL is reported elsewhere14 Signal sampling
rate as compared to the relevant time scales of the
dynamics, the signal-to-noise, the number of data
points included in the analysis, and the stationarity
of the data points included in the analysis all have
certain criteria to be met before meaningful CDA can
be completed.14 There is a substantive literature on
CDA of experimental time series data from nonlinear
systems (for example, Ref. 12). Chaos analysis of
experimental data from chaotic lasers is a small
component of this. The correlation dimension (CD)
is the most appropriate chaos measure for an
experimental, chaotic, output-power time series.
The higher the CD value, the larger the dimension
of the space required to completely unfold the chaotic
attractor, and the more complex the dynamic output
of the system. Studies of a chaotic CO2 laser15,16

(where the highest frequency relevant to the
dynamics is in the kHz range) and a chaotic
solid-state laser17 (with a bandwidth of a few hun-
dred kHz) indicate appropriate methodologies
and what can be learned about the dynamics from
such studies. For example, CDA of the output from a
CO2 laser in Ref. 15 predicted a correlation dimen-
sion of 6. Subsequent refinement of the CDA of time
series data from a CO2 laser reduced this to 3–5.16

The establishment of a lower correlation
16
dimension, then, suggests that a simpler model of
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the dynamics of the CO2 laser exists than that ini-
tially proposed as being consistent with a correlation
dimension of 6.15

In this Letter we present results of analyzing the
CD of the synchronized chaos from both the master
and the slave. Identifying the appropriate experi-
mental conditions for recording a chaotic time series
that is robust with respect to CDA, along with more
detail of the CDA methodologies, is described
elsewhere.14 The methods are described in Ref. 14.
Here the methods are applied to a time series re-
corded simultaneously for a master ECDL and its
synchronized slave laser (without any optical feed-
back). A graph of correlation (Grassberger)
dimension18 (CD) as a function of embedding dimen-
sion (ED) should flatten to a stable value correspond-
ing to the dimension of the space required to com-
pletely unfold the chaotic attractor. In contrast, a
stochastic signal has a correlation dimension that
monotonically increases with ED.

The experimental system used is described in Ref.
19 and is also similar to that described in Ref. 20. It
uses single-mode, Fabry–Perot semiconductor lasers
emitting at 830 nm, with a linewidth of �60 MHz
(Access Pacific Model APL 830-40), in an asymmetric,
bidirectional coupling configuration. The lasing
threshold is close to 25 mA, and the lasers are driven
by ultra-low-noise current sources (ILX-Lightwave,
LDX-3620) at bias currents up to 32 mA and are tem-
perature controlled to a precision of 0.01 K (ILX-
Lightwave, LDT-5412). The relaxation oscillation fre-
quency goes up to approximately 600 MHz at the
injection currents used. Output power dynamics at
frequencies of up to �1.5 GHz are observed. The
master laser has an external cavity length of approxi-
mately 69 cm, and the distance between the trans-
mitter (master) laser and receiver (slave) laser is ap-
proximately 81 cm. All other details of the
experiment are as given in Ref. 19. This system has
the advantage of achieving a large value ��0.90� for
the cross-correlation coefficient �C3� of the synchro-
nized chaotic outputs from the transmitter and re-
ceiver for a larger range of receiver laser injection
current than is achieved using unidirectional cou-

Fig. 1. CD versus ED of chaotic output power time series
data for the transmitter (master) CSL, comparing sampling
periods of 100 ps (20 000 data points) and 50 ps (20 000
data points). The dashed line shows the expected trend for
stochastic noise. The horizontal lines at CD values of 4 and
5 are included to facilitate comparison of the CD graph

with a flat plateau.
pling. The system allows systematic variation of the
C3 value.19 The time series are recorded with a mea-
surement bandwidth of 6 GHz set by the oscilloscope
and at sampling rates of up to 20 Gsamples/s. The
CD results presented were obtained using the CDA-
Pro software package,13 which uses the Grassberger–
Procaccia algorithm18 for calculating the CD. It is
suitable for the characterization of chaos with CD
values of up to 5. CDA has also been carried out using
a MATLAB program directly implementing the
Grassberger–Procaccia algorithm.18 Appropriate de-
termination of the time interval that minimizes the
mutual information and generation of surrogate data
sets for CDA to make standard tests for determi-
nancy have been completed as steps in the CDA.14

Twenty thousand output-power time series data
points have been used in all CDAs reported here. The
sampling period does affect the CD determination as
shown in Fig. 1 for the master CSL output showing
low-frequency fluctuations (LFFs) on an �100 ns
time scale and fast dynamics on a subnanosecond
time scale. In Fig. 2 a 25 ns section of the time series
for sampling periods of 100 and 50 ps clearly shows
that the higher sampling rate captures more dynamic
information, and this translates to a CD versus ED
graph that is closer to that expected of a flat plateau
at the CD value corresponding to the dimension of
the space required to completely unfold the attractor.
This may also indicate that further improvements
may be expected at a faster sampling rate–
measurement bandwidth combination. This is dis-
cussed in Ref. 14 in the context of a range of time se-
ries obtained from a CSL ECDL system.

Figure 3 shows the CD versus ED graph for the
synchronized transmitter–receiver pair operated
with C3 of 0.93. The master laser is operated with
chaotic dynamics predominantly on a nanosecond
time scale and with no LFF. The receiver follows the
transmitter very closely in the associated time series.
The CD versus ED graphs are identical for the trans-
mitter and synchronized receiver. In Fig. 4, where

3

Fig. 2. Output power time series for the master CSL for a
25 ns time comparing sampling periods of 100 and 50 ps.
the C value is reduced to 0.76, increasing the slave
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laser injection current (from 27.45 to 30.02 mA) re-
sults in CD versus ED graphs for the synchronized
transmitter–receiver pair that are no longer identi-
cal, but also neither graph gives a convincing plateau
value for the CD. In the associated time series for a
C3 value of 0.76 there are significant differences for
the transmitter and receiver.14

It has been demonstrated in the experiments that,
when the cross-correlation coefficient of the synchro-
nized CSL outputs is sufficiently high, the CD versus
ED graphs for the master and slave (transmitter and
receiver) are identical. This is despite the amplitude
of the chaotic power variations on the dc level and
the fact that the noise of the two synchronized out-
puts is different. This is an important additional veri-
fication of the synchronization quality. It has been
demonstrated that it is now possible to record and
analyze experimental time series data for the GHz
dynamics of CSLs to obtain the CD with good accu-
racy. This can be extended to dynamics of even higher
bandwidth using faster SLs and expected improve-
ments in measurement bandwidths of real time oscil-
loscopes in the future. The CD measured is identical
for the synchronized master–slave pair when the
cross-correlation coefficient is high. A CD of between
4 and 5 is consistently measured for both the master
ECDL and the slave laser when the sampling rate is

Fig. 3. CD versus ED of a chaotic output power time series
for the transmitter (master) CSL and synchronized receiver
(slave) laser with a cross-correlation coefficient of 0.93.
Other curves as for Fig. 1.

Fig. 4. CD versus ED of a chaotic output power time series
for the transmitter (master) CSL and synchronized receiver
(slave) laser with a cross-correlation coefficient of 0.76.

Other lines as for Fig. 1.
20 Gsamples/s and the signal-to-noise ratio is 30 or
better.14 For the “best” chaotic time series data from
the experimental CSL system studied, a CD value of
4 is measured. All the chaotic time series analyzed
from both the master and the slave indicate that a
CD of 4 is the lowest possible value for the system. It
has been demonstrated that CDA of experimental
CSL output power time series data is an effective tool
for studying wideband chaos synchronization.
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